We study the phase diagram and finite temperature properties of an integrable generalization of the one-dimensional super-symmetric t-J model containing interactions explicitly breaking parity-time reversal (PT) symmetries. To this purpose, we apply the quantum transfer matrix method which results in a finite set of non-linear integral equations. We obtain numerical solutions to these equations leading to results for thermodynamic quantities as function of temperature, magnetic field, particle density and staggering parameter. Studying the maxima lines of entropy at low but non zero temperature reveals the phase diagram of the model. There are ten different phases which we may classify in terms of the qualitative behaviour of auxiliary functions, closely related to the dressed energy functions. *
Introduction
Since the discovery of high-T c superconductors there have been many ideas to describe its pairing mechanism. The most prominent one is due to Anderson, who proposed that the insulating phase of superconducting copper oxides is described by a singlet spin liquid [1] . Further, the introduction of dopants would then result in pair of holes, which might form a condensate. An effective Hamiltonian to describe this problem is the two-dimensional Hubbard [1, 2] or t-J model [2] , depending on the relative magnitude of on-site Coulomb repulsion between holes at a Cu site and atomic energy levels of O holes [2] . In the case of the former interaction being dominant, one has an appropriate description given by the t-J model.
In both cases, however, the half-filling limit is described by the two-dimensional Heisenberg model on a square lattice.
This mechanism can lead to even more exotic type of superconductivity. In two spatial dimensions, fractional statistics may arise with macroscopic violation of parity (P ) and time reversal (T ) symmetries, while the system remains P Tsymmetric [3] . The spin liquid state related to the insulating phase would support a nonlocal extension of chiral order, hence a chiral spin liquid [3, 4] . At first, this chiral spin liquid state was a candidate to the ground state of the two dimensional Heisenberg model on a square lattice with frustration introduced by next-nearest neighbor interaction [3] . Nevertheless, this possibility was ruled out [5] and a rigorous proof of a spontaneous breaking P and T Hamiltonian exhibiting chiral spin liquid ground state is still missing [6, 7] . In absence of such spontaneous break of symmetry, one may include interactions explicitly breaking P and T to force the ground state into the elusive chiral spin liquid. However, the above failure suggests that mean field and perturbative approaches are not reliable and the new state can only be tested on firm grounds, i.e, by means of exact solution.
Nevertheless, we lack exact results of two-dimensional (2D) quantum lattice models. Therefore, it should be interesting to investigate integrable quantum multi-chains interpolating between 1D and 2D behaviour [6] . This is possible thanks to the construction of staggered row-to-row transfer matrices with alternating spectral parameters. Notably, the resulting Hamiltonians are local with interactions explicitly breaking P T -symmetry. In [6] the 1D Heisenberg model was generalized to include next-to-nearest neighbour and chiral spin interactions.
Further investigations were carried out to analyze its phase diagram and asymptotic behaviour of correlation functions [7] . Hence, the local chiral order in the ground-state spin liquid was exactly calculated [8] , although the chiral term is not a conserved quantity of the model. Beyond the half-filling limit, there are also exact results concerning the t-J model. The condition for integrability and exact solution was provided in [9, 10] and asymptotic behaviour of correlation functions at zero temperature was calculated in [11] . This latter calculation confirmed Haldane's Luttinger liquid picture for metallic phases of 1D quantum systems [12] . The same construction of [6] was employed to the t-J model, allowing for the exact solution of the multichain model and resulting in a conjecture of gapped excitations in absence of P T breaking field [13] . Besides, in [14] it was investigated the t-J model with a competing higher conserved quantity. It has been argued that commensurate to incommensurate phase transitions of charge and spin type takes place and also spontaneous magnetic and charge ordering.
In order to better understand the ground state phase diagram of the integrable t-J model with chiral interaction, it is required the exact computation of physical properties. To this end we use the quantum transfer matrix approach (QTM) [15, 16, 17, 18] , where free-energy of the 1D quantum model is mapped on the partition function of a 2D classical model. In this case, just the largest eigenvalue of the so called quantum transfer matrix contributes to the free-energy. The largest eigenvalue is given in terms of some auxiliary functions which are solutions of a finite set of non-linear integral equations(NLIE). This method revealed to be successful in describing thermodynamics of Heisenberg model and its generalization [18, 19, 20, 21, 22] , t-J model [23] , Hubbard model [24] , and su(n|m) invariant models with n + m < 5 [25, 26] .
We address the above mentioned issue and apply the QTM approach to obtain a finite set of NLIE for the thermodynamics of multi-chain integrable generalization of t-J model containing chiral terms. Although the general kernel structure of these equations remain the same as compared with the usual t-J model [23] , the distinct physical behaviour is dictated by the new driving terms which appeared in the derivation of NLIE in this work. Our formalism also covers multi-chain models with arbitrary number of staggering parameters, however we focus on the study of the simplest case of two coupled chains. In this way, we are able to investigate its phase diagram and describe the quantum phases. We classify the phases exploiting the previous knowledge of the special limits n → 1 (Heisenberg model with competing interactions) [22] , θ = 0 (t-J model) [23] and also based in the qualitative behaviour of auxiliary functions, which is closely related to the dressed energy functions [14] . In addition, we also study the case of high-magnetic fields, which allows us to obtain a good physical picture of the phase transitions of charge type in terms of free-fermions. In order to describe the possible scenarios for the ground state diagram, we investigate physical quantities at low but finite temperature [27, 22] . We emphasize that the phases we are studying are of quantum nature (quantum phase transitions) and occurs strictly at zero temperature, however we are able to describe the boundary phases at low but finite temperature. This is so, because at very low temperatures there exist a regime in which thermal fluctuations are insufficient to drive the system from its ground to excited states and therefore the quantum fluctuations dominate. So, the use of exact results at low but finite temperature contributes to the study of the possible scenarios of ground state phase diagram of quantum one-dimensional models. This paper is organized as follows. First we review the construction [13] to obtain integrable models explicitly breaking P T symmetry and describe the QTM method to the thermodynamics [18] . In Section 3, we introduce suitable auxiliary functions and derive the NLIE describing the thermodynamics of the model. The section 4 is devoted to the numerical solution of the NLIE leading to the phase diagrams of the two-coupled chain case. Finally, we summarize our results in the section 5. In the appendix we show the matching between the quantum phases of the model and qualitative behaviour of auxiliary functions.
QTM approach to multi-chain generalizations of

su(n|m) invariant solution of Yang-Baxter equation
The row-to-row transfer matrix has been identified as a generator of conserved currents [28] . Therefore, we can obtain local Hamiltonians from the logarithmic derivative of the transfer matrix. The row-to-row transfer matrix of a staggered vertex model is given by
where the L-operator L jk (λ, ν) acts non-trivially in two different Z 2 graded spaces, here assumed to have dimension n + m. Hence str A stands for super-trace on subspace A of graded matrices acting on [29] . The M staggering parameters ω k introduce inhomogeneity along the row in a way that the model remains invariant by cyclic translation of M sites. Each local space V j (A) supports a Grassmann field, nevertheless we require L-operators to be complex and homogeneous even element of End(V ⊗ V ). In our notation, the L-operators are given by
where e super-tensor product [30] . This operator satisfies the graded Yang-Baxter equation
We also restrict ourselves to solutions of GYBE that have the following symmetry properties:
Unitarity:
Time reversal:
where P g 12 is the graded permutation operator and st k denotes the super-transposition on the k-th space [29, 30] . Thanks to GYBE we have the commutativity property of the row-to-row transfer matrices
Under these circumstances, T (λ) has many conserved quantities. The properties of regularity and unitarity ensures that one may obtain local operators from the logarithmic derivative of the transfer matrix. To this end, we consider M trivially related transfer matrices T j (λ; i ω) = T (λ + iω j ; i ω), such that [22] 
Therefore one finds
where P is the momentum governing one-site cyclic translation to the right,
and we have introduced the notation [22] 
The simplest solution of GYBE is the so called Perk-Schultz model [31] , where
The difference property of this L-operator allow us to fix ω k = θ k−1 and θ 0 = 0, without any loss of generality. Here we shall be interested in the solution with (n, m) = (2, 1).
Apart from trivial additive factors, the solution with M = 1 gives rise to the known super-symmetric t-J model [9] :
where
jτ c jσ (k = x, y, z) and c jτ are the "projected" fermionic operators acting on subspace |↑ , |0 , |↓ with grading {0, 1, 0}.
These operators satisfy the following anti-commutation rules [32] [c iτ ,
The simplest multi-chain generalization (10, 11) of the super-symmetric t-J model occurs for M = 2 and was obtained in [13] with chiral interactions written in terms of Weyl matrices. We write this Hamiltonian explicitly in terms of fermionic operators c iτ
where the sum over p{j, j + 1, j + 2} denotes summation over cyclic permutation of indices j, j + 1, j + 2 with sgn(p) the usual signature of permutations. Hence, we have the "de-localized" analogues of particle density and spin operators:
We have neglected additive constants contributing to the zero of energy and terms proportional to the particle density. In what follows those terms can be controlled by introducing generalized chemical potentials in the calculation of partition function.
We are interested in the partition function of the quantum model Z = Tr[e −βH ], which can be obtained by the Trotter-Suzuki decomposition. This is done by noting that the transfer matrix can be written as
and the conjugated transfer matrix is given bȳ
Therefore, the conjugated transfer matrixt(λ) can also be written as
The product t(λ)t(λ) contain the Hamiltonian as the leading term in the exponent.
we have that terms in O(λ 2 ) becomes small compared to O(λ) as the Trotter number N goes to infinity. Thus we have
where for su(n|m) invariant models the number of each particle speciesN j = M L k=1 n jk , with j = 1, . . . , n + m, is a conserved quantity. The operator n jk gives 1 if it acts on a state with a particle of species j at site k and 0 otherwise. Hence, depending on application, one is allowed to evaluate the canonical or grand-canonical partition function of the quantum chain as long as one can evaluate the partition function of a staggered vertex model with the suitable twisted boundary condition. Here we set The column-to-column transfer direction is more appropriate to evaluate the partition function (22) . Therefore we define the quantum transfer matrix
where the new spectral parameter x was introduced to guarantee the commutativity property of the quantum transfer matrix [t QT M (x), t QT M (x ′ )] = 0 and renders the QTM integrable.
The (grand-)partition function can be written in terms of the quantum transfer matrix (23) as follows
This allow us to express the thermodynamic potential in terms of the largest eigen-
max (x) of the quantum transfer matrix,
NLIE for the multi-chain generalization of supersymmetric t-J model
The computation of the physical properties (26) requires the knowledge of the largest eigenvalue of the quantum transfer matrix in the infinity Trotter number limit. This is efficiently obtained by the quantum transfer matrix approach.
The quantum transfer matrix (23) can be diagonalized by Bethe ansatz techniques [33] .
For instance, the eigenvalues can be obtained by the algebraic Bethe ansatz [34, 35, 36] . This way, we have the following expression for the QTM eigenvalues of multi-chain generalization of su(n|m) invariant models
and ǫ j = (−1) p j with p j = 0, 1 the grading choices of state j. Also x
. The Bethe ansatz equations reads
, (29) with j = 1, . . . , n + m − 1 and r = 1, . . . , m j .
In order to take the Trotter limit, one has to define suitable auxiliary functions, exploit its analyticity properties and encode this Bethe ansatz roots information in a system of integral equations. For su(2|1) case, the auxiliary functions are given in terms of the building blocks λ 1 (x), λ 2 (x), λ 3 (x) along the same lines as in [23] . Nevertheless, we additionally perform a particle-hole transformation on the c(x) function, which results in a simpler half-filling limit. Our auxiliary functions are given as
) contains the hole solutions of Bethe ansatz equations, providing factorization property in the form
We ). In this sense, the role of θ j parameters is to produce deformations of Bethe roots along these lines and do not change the analyticity strip. By introducing magnetic field, there occurs some vertical displacement in root patterns, although insufficient to violate analyticity hypothesis. Therefore, auxiliary functions (30) are analytical and non zero in a strip containing the real axis, with constant asymptotics. We also should mention that Λ(x), for the largest eigenvalue, has an analytical non zero strip at least containing − Moreover, we introduce some additional functions given by
, 
, where R(x) stands for an arbitrary function. The symbol * denotes the convolution f * g(x) =
Equations (33) are a self-consistent set of non linear integral equations which describes the many-body integrable Hamiltonian (15). Once we solve these, we may obtain the eigenvalue Λ(x) or, by virtue of (26), the thermodynamic potential
is the ground-state energy at half-filling and zero external magnetic field.
Numerical results
We can solve the NLIE by iteration where the convolutions are calculated in 
where r(s) is any of T, µ or H and a(A) is any lower-case(capital) auxiliary functions.
With the above expressions all derivatives up to second order of thermodynamical potential may be obtained as a function of T, µ and H. However, we would like to eliminate µ in favor of n, the particle density. This is done by means of Newton method. Since compressibility κ H = ∂n ∂µ H,T is at our disposal, we can set the particle density and find the corresponding µ within some required precision. Therefore, we can study thermodynamical properties as function of n, T and H.
Our interest is to describe the n−θ−H 3D diagram of model (15) . We analyze the entropy at very low but non-zero temperature. By virtue of thermodynamics fundamental laws we have vanishing entropy at T = 0. Nevertheless, at low but finite temperatures the entropy is non vanishing and accumulates close to quantum phase transitions [27] . Although the absolute value of entropy is small, one may use it to trace the phase diagram since the maxima peaks becomes sharper as we approach the phase transition. Therefore, we can describe, at low but finite temperature, the possible scenarios for the ground state phase diagram, whose different phases are listed in Table 1 .
We start describing two special limits, the H − θ plane at n = 1 which is the Heisenberg model with competing interactions [22] and the n − H plane at θ = 0 which is the usual t-J model [23] . The first case is shown in Figure 1a and refers to the limit µ → ∞. This case was first considered in [6, 7] and consists of an insulating phase with three different magnetic orders ranging from anti-ferromagnetic commensurate III, incommensurate VI to ferromagnetic IX order. The solution of the non-linear integral equations for the thermodynamics was proved to be a useful tool to determine this phase diagram [22] . Moreover, the auxiliary functions analysis are closely related to dressed-energy functions analysis in T → 0 limit [23] , which provide us with additional information about the nature of the phase transitions [20] , see Appendix.
It is worth to note that the above non-linear integral equations (33) defined by means of a particle-hole transformation in the function c have the advantage in relation to the equation for the usual t-J model introduced in [23] that the limit n → 1 is obtained naturally. This occurs since the modified c function behaves as e −βµ ′ in this limit and, therefore, convolutions containing ln C vanish and leave us with the equations of the Heisenberg model with competing interactions [22] .
In [7] , it was thoroughly investigated the phase diagram of the ground-state at the half-filling limit (Figure 1a) . By means of conformal invariance and finite- rating the ferromagnetic state from the others can be exactly calculated [7] . As a consequence of two-site translational invariance, one may propose two spin-wave excitations with momentum p = 2πk 2L
( mod π), one for even sites and the other for odd sites. Therefore, for each momentum there will be a two-state module for
Hamiltonian in the sector with one spin down. Diagonalizing the Hamiltonian in this sub-space provides the magnon dispersion
also plotted in Figure 2 . At an external magnetic field slightly smaller than the critical value, the ferromagnetic state becomes unstable against the creation of these magnons and therefore the critical magnetic field is the minimum of the dispersion relation, since in our convention the ferromagnetic state has zero energy.
The dispersion relation undergoes a qualitative change by varying theta, simi-
. Holes in a background of up spins do not interact, therefore one may fill the one hole excitation spectrum up to zero density. This allow us to exactly study commensurate to incommensurate transition between ferromagnetic spin ordered phases.
larly to the driving terms of above the NLIE. For theta smaller than
the minimum value occurs at p = 0, whereas for theta larger than
there are two degenerate minima at momenta p = ±p F , reflecting a spontaneous breaking of parity symmetry. To be more precise, one could form linear combinations of these two degenerate spin waves to get eigenstates of parity operator with opposite eigenvalues ±1. It can be readily seen that the dispersion relation is quadratic everywhere at the transition line, except for the tri-critical point where it becomes quartic.
The second special limit θ → 0 is shown in Figure 1b . In this limit we have the usual t-J model which is a single chain without terms explicitly breaking P Tsymmetriy. This case was firstly studied in [23] where thermodynamical properties were calculated at zero magnetic field. By varying the external magnetic field and particle density, we show that the model has four different phases, I, III and VII, IX and an additional "trivial" phase X (zero density n → 0). There is no commensurate to incommensurate phase transition in this case and the phases I and VII are both metallic(Luttinger liquid) differing from each other by magnetic behaviour. Phase I is anti-ferromagnetic and gapless, while VII is ferromagnetic and gapped for spin excitations. Phases III and IX have already appeared in the previous limit. They are the insulating analogue of I and VII.
The behavior of ground-state correlation functions at long-wavelength was calculated from finite-size spectrum in [11] , while non-linear integral equations describing thermodynamics at finite temperatures have been provided in [23] .
Both results confirmed Luttinger-liquid picture of phase I. For instance, calculation of (equal time) electron Green function at zero magnetic field and temperature gives a momentum distribution with algebraic singularity at Fermi momentum
where η decreases monotonically from 1 8 to 0 as we move from half-filling to zero density. In [11] they also provided critical exponents for finite magnetic fields at densities near half-filling limit. However, both references did not fully study the phase diagram (Figure 1b) , since the magnetic fields and densities were not appropriately chosen to achieve phase VII.
From the fact that phase VII is adjacent to IX, we should have Luttinger-Liquid behaviour with frozen spin degree of freedom (see discussion below). This is because the magnetic field is already strong enough to order the system into a ferromagnetic state, as it could be observed in the magnetization profile.
In order to further describe the phase diagram of (15) For H = 4.5, Figure 3b , we have that the magnetic order should be ferromagnetic in the whole n − θ plane. This is because the various anti-ferromagnetic interactions competing with ferromagnetic order induced by external field do only contribute when there are particles populating the chain. Therefore, such interactions exerts its full influence at half filling limit. Since at half filling any external field larger than 4 is sufficient to drive the ground-state to ferromagnetic ordering, the same is true for any particle density. Analogously to the H = 0 value, no commensurate-to-incommensurate phase transition takes place at half-filling, therefore the line separating between phases VII and VIII is of charge type and
terminates with an open point at n = 1. Phase VII and IX are described as commensurate metallic ferromagnetic phase and insulating ferromagnetic phase, respectively. Phase VIII is the incommensurate metallic ferromagnetic phase.
Similar to the spin-waves proposed to describe the line transition separating the ferromagnetic state in Figure 1a , one may propose "hole-waves" to describe the line transition separating the insulating phase in Figure 3b . The dispersion relation for one hole excitation is (36) again. From this analysis, one could derive the critical chemical potential which drives the system to the half-filling limit.
However, we find a major difference between hole-waves and spin-waves, namely, excitations with more holes now can be readily calculated. This is due to the fact that holes in the background of up spins do not interact, which can also be seen from Bethe ansatz equations for row-to-row transfer matrix
In sector m 1 = 2L − N, m 2 = 0, the second set of equations becomes trivial while the first one does not possess scattering terms. Therefore, this set of sectors resembles the free-fermion with exclusion principle being implemented by inequality of Bethe ansatz roots. Hence, the ground-state is found by filling the lowest energy states. In this way, the metallic phases of Figure 3b are actually a non-interacting limit of Luttinger liquid, the free-fermions.
This property allows us to determine the remaining transition line in Figure   3b , which separates phases VII and VIII. At theta larger than
, one may change from commensurate to incommensurate phase by varying the particle density. The 
which is in good agreement with numerical findings at finite temperature (T = 0.005) from the non-linear integral equations.
The simplicity of free-fermion also allows us to exactly calculate some correlation functions at any distance. For instance, let us consider the correlation
for j 1 and j 2 odd. In thermodynamic limit we find
. Additionally, let us limit ourselves to θ smaller than 1 and n larger than 1 2 . In this way, we may completely ignore the upper spectrum E + (p) while we still can observe qualitative differences when changing from VII to VIII. We find
where p F is the sole positive Fermi momentum in the commensurate phase, while p F 1 and p F 2 are the two positive Fermi momenta in the incommensurate phase.
As can be expected, in the thermodynamic limit p F 2 − p F 1 is not commensurate with p F 2 + p F 1 , except for infinitely many countable values of n. Therefore, the system is in an incommensurate floating phase [37] , and may exhibit modulated oscillations with no definite period.
Next we examined the case H = 3, Figure 4a . All phases in this diagram As it has been mentioned, to all ten phases there corresponds a qualitative behaviour of auxiliary functions. We show this in Appendix, where auxiliary functions for typical points of each phase in Figures 3 and 4 may be compared.
In all phase diagrams presented here we have chosen to study phase transitions as a function of n instead of µ. Nevertheless, we can follow [14] and consider µ as the external voltage. As it happens, exactly at T = 0, it is not necessary to take µ → ∞ to recover the half-filling limit. Comparing the NLIE, or looking at auxiliary functions behaviour, we see that the condition is the vanishing of ln C β or, equivalently, ln c β ≤ 0. Therefore, we find
where B andB are determined from NLIE for the Heisenberg multi-chain [22] .
For zero magnetic field and θ we get µ ′ = 2 ln 2, in accordance to [14] . Similarly, the limit n → 0 requires the vanishing of . Following the arguments of [14] , if one starts with a fixed µ such that n = 1 for given θ, by varying θ one can get n < 1 if the new θ has a larger µ(θ) corresponding to n = 1. Therefore we would have the appearance of holons without changing applied voltage. Nevertheless, since µ is always negative in absence of magnetic field, we cannot say it is a spontaneous charge ordering. First-order transitions are related to dressed energies having maxima points larger than the asymptotic limit value at x → ∞. As we can see in Appendix, there is no solution for either 
Conclusion
In this paper we applied the quantum transfer matrix approach to the case of an integrable generalization of the super-symmetric t-J model containing interactions explicitly breaking P T -symmetry. We derived a new set of non-linear integral equations for the thermodynamical properties of the generalized t-J model. We expect that our results could useful to the study of the phase diagram of similar systems. We also expect that the quantum transfer matrix can be generalized to other spin chains invariant by super-algebras, e.g Osp(1|2) case. We hope to address this problem in the future. properties at critical lines. Therefore, the auxiliary functions can be used to endorse our phase classification of Table 1 
